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a b s t r a c t
Let T be a strong tournament of order n ≥ 4 with given minimum out-degree δ+ and in-
degree δ−. By definition, a vertexw in T is non-critical if the subtournament T −w is also
strong. In the present paper, we show that T contains at least min{n, 2δ+ + 2δ− − 2} non-
critical vertices, and all tournaments forwhich this lower bound is attained are determined.
For the case min{δ+, δ−} ≥ 2, we also describe all strong tournaments of order n ≥
2δ+ + 2δ− that include exactly 2δ+ + 2δ− − 1 non-critical vertices. From this description
it follows that any strong tournament T of order n ≥ 2δ++2δ−+2 with min{δ+, δ−} ≥ 2
contains at least 2δ++ 2δ− non-critical vertices. Finally, for the case min{δ+, δ−} ≥ 4,we
completely describe all strong tournaments of order n ≥ 2δ++2δ−+2 that admit exactly
2δ+ + 2δ− non-critical vertices. All of these results sharpen those obtained recently by K.
Kotani in terms of δ = min{δ+, δ−}.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
For a connected (undirected) graph G, a vertex w is called non-critical if the subgraph G − w is also connected. It is not
difficult to check that any connected graph G of order nwithminimum valency δ contains at least δ+1 non-critical vertices.
For δ ≥ 2, this bound is sharp iff n = δ+1. In otherwords,Gmust be the complete graph of order δ+1. In [1,3] asymptotically
sharp lower bounds on the number of non-critical vertices in Gwere obtained in terms of n and δ.
For a strongly connected (or, merely, strong) digraph D, the definition of a non-critical vertex is similar to the one given
above (we need only replace the word ‘‘connected’’ in it by ‘‘strongly connected’’). However, only recently, the number of
non-critical vertices has been investigated in the class of all strong digraphs. In particular, in [12] the author proved that
any strong digraph with minimum out-degree δ+ and in-degree δ− contains at least max{δ+, δ−} non-critical vertices if
max{δ+, δ−} ≥ 2. In [13] an analogous result was obtained in terms of diameter d.
The present paper is completely devoted to tournaments, which form the most interesting class of directed graphs. This
is so because, by definition, tournaments are orientations of the complete graphs. Without any doubt, the Moon vertex
pancyclic theorem obtained in [10] is the main result of the theory of tournaments. One of its numerous consequences is
the observation that any strong tournament T of order n ≥ 4 contains at least two non-critical vertices. In [11] this fact
was first proved without the use of the Moon theorem and the same result has recently been obtained in [12] for a strong
oriented graph of order n with minimum degree at least 3n4 . Note that a tournament is an oriented graph of order n each of
whose vertices has degree n− 1. Hence, a positive answer to the question posed by Korvin in [5] has been given in different
ways. Finally, it was shown by induction in [15] (see Proposition 2.1 therein) that if a strong tournament T of order n ≥ 4
contains exactly two non-critical vertices, then T is the unique tournament of order nwith diameter n− 1.
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It is not difficult to check that if d = n − 1, then both the minimum out-degree δ+ and the minimum in-degree δ− are
equal to 1. In [6] Kotani obtained a lower bound on the number of non-critical vertices in terms of δ = min{δ+, δ−}.1 In
the present paper, we show that the quantity 2δ in Kotani’s bounds can be replaced by the sum δ+ + δ−. Moreover, her
examples in Propositions 1–4 [6] are extended so as to obtain theorems describing all strong tournaments for which the
sharpened lower bounds are attained. The proof in Kotani’s paper is based on considering cycles including a vertex-set of
given order. In turn, our proofs are mainly based on the theory of maximal proper strong subdigraphs in strong digraphs.
This theory was established by Mader in [7] and then developed by the author in [12]. The reader can see its main results in
the next section. For his or her convenience, all the propositions concerning arbitrary digraphs are indexed by capital letters
of the English alphabet, and the propositions proved for tournaments are numbered with Arabic numerals, as usual.
2. Preliminary results
Let D be a directed graph (digraph) without loops and parallel arcs, V (D) be its vertex-set, and A(D) be its arc-set. For
describing D, we shall use a standard terminology (see, for instance, [2]). In particular, if (v,w) ∈ A(D), then we shall say
that the vertex v dominates the vertexw in D, and write v→ w. Moreover, for any two subsets A and B having no common
vertex, the notation A ⇒ B means that each vertex in A dominates each vertex in B. Let N+(A) be the set of vertices in
V (D) \A dominated by the vertices in A and N−(A) be the set of vertices in V (D) \A dominating the vertices in A. For a given
vertex v, the vertex-sets N+(v) and N−(v) are called the out-set and in-set of the vertex v, respectively. For a vertex-set
A, we denote by |A| the number of elements in A. In particular, |V (D)| is the order of D and |A(D)| is its size. By definition,
δ+(v) = |N+(v)| is the out-degree of v and δ−(v) = |N−(v)| is its in-degree. The quantities δ+ = min{δ+(v) : v ∈ V (D)}
and δ− = min{δ−(v) : v ∈ V (D)} are associated with the whole digraph D. They are called the minimum out-degree and
in-degree, respectively.
In the sequel, we shall assume that the original digraph D is strongly connected (or, merely, strong). This means that for
any two vertices v andw, there exists a path from v tow in D. The length of a shortest path from v tow in D is the distance
d(v,w) between v and w. By definition, the maximum of d(v,w) over all pairs of vertices v and w in D is the diameter d
of D. Obviously, the diameter of any strong digraph D is at most one less than its order |D|. Throughout the paper, we shall
assume that the digraph consisting of exactly one vertex is strong, and its diameter is equal to zero.
By definition, a digraph S is a subdigraph ofD if its vertices are contained in V (D) and its arcs belong to A(D). In the sequel,
we shall only consider induced subdigraphs. This means that the arc-set A(S) contains any arc joining two vertices of S in the
original digraph D. For this case, we say that the subdigraph S is induced in D by its vertex-set. Sometimes, for simplicity,
we denote the subdigraph S and the vertex-set that induces it by the same symbol. If S does not coincide with D, then it
is a proper subdigraph in D. Among proper induced subdigraphs, a one-vertex-deleted subdigraph plays a special role. By
definition, its order is one less than that of the original digraph D. Obviously, any such subdigraph has the form D − w for
some vertexw, where the sign ‘‘minus’’ means deleting the vertexw and all its incident arcs from D.
By definition, a proper strong subdigraph S is maximal if any strong subdigraph containing S is either S or D. Denote by
S the subdigraph induced by the vertices not belonging to S. The following lemma is a criterion for a strong subdigraph S to
be maximal in D, and uses only the information about S and the arcs between S and S.
Lemma A ([7]). Let D be a strong digraph and S be a proper strong subdigraph in D. Then S is a maximal proper strong subdigraph
in D if and only if the following three conditions are satisfied:
(1) there exists a vertex vin in S such that any arc from S to S enters vin,
(2) there exists a vertex vout in S such that any arc from S to S leaves vout,
(3) the distance between vin and vout is one less than the order of S.
Proof. Let Γ be the set of all paths starting and ending in S and containing at least one vertex not in S. Assume S is maximal.
Then for each γ ∈ Γ , the strong subdigraph induced by V (S)∪ V (γ ) coincides with D. Let γ = v0, . . . , v`. Assume that γ is
a shortest path in Γ . Then V (S) = {v1, . . . , v`−1} and v1, . . . , v`−1 is a shortest path (of length |S| − 1) from v1 to v`−1 in S.
If some v in S dominates vs with 2 ≤ s ≤ `− 1, then the path v, vs, vs+1, . . . , v` belongs to Γ and is shorter than γ . Thus,
v1 = vin and, similarly, v`−1 = vout. 
Let Smax be a maximal proper strong subdigraph in D and v1, . . . , v`−1 be the shortest path from vin to vout in Smax.
Obviously, there are no arcs of the form (vi, vj), where j > i+ 1. Hence, Lemma A implies that if |Smax| ≥ 2, then (v1, v2) is
the unique arc leaving vin in D and (v`−2, v`−1) is the unique arc entering vout in D. In other words, both the out-degree of
vin and the in-degree of vout are equal to 1. This simple observation allowed W. Mader to show that for any strong digraph
D each of whose vertices is critical, one has δ+ = δ− = 1. Moreover, it implies the following important proposition.
Lemma B. Let D be a strong digraph with minimum out-degree δ+ and minimum in-degree δ−. Assume that max{δ+, δ−} ≥ 2.
Then any maximal proper strong subdigraph Smax in D is one-vertex-deleted.
1 In the papers [8] and [9], similar results have been recently proved for strong local and in-tournaments, respectively.
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By definition, w is a non-critical vertex in a strong digraph D if the subdigraph D − w is also strong. In the opposite
case, it is called a critical vertex. Denote by Dcr and Dncr the subdigraphs induced by the critical and non-critical vertices
in D, respectively. Obviously, each vertex in a strong digraph D of order n ≥ 2 belongs to at least one maximal proper
strong subdigraph in D (in particular, it can coincide with the vertex). Thus, D contains at least two such subdigraphs.2In
particular, if every maximal proper strong subdigraph in D is one-vertex-deleted,3 then |Dncr | ≥ 2. Hence, the inequality
max{δ+, δ−} ≥ 2 implies that D has two non-critical vertices. In fact, under this condition, one can show by induction on
one of δ+ and δ− that |Dncr | ≥ max{δ+, δ−} (see details in [12]). The following proposition taken together with Lemma B
will be the main tool in our paper.
Lemma C ([13]). Let D be a strong digraph. Assume that any maximal proper strong subdigraph in D is one-vertex-deleted. Then
Dncr is not contained in any proper strong subdigraph of D.
The proof of Lemma C is very simple and similar to that of Lemma 1 in [6]. Indeed, suppose that Dncr is contained in some
proper strong subdigraph S in D and consider a maximal proper strong subdigraph Smax containing S. By assumption, the
strong subdigraph Smax has the form D−w for some vertexw. Obviously,w is a non-critical vertex in D and does not belong
to Smax. But this contradicts the fact that Dncr is a subdigraph in Smax.
Define formally the composition D(D1, . . . ,Dm) of a digraph D of order m and m digraphs D1, . . . ,Dm as the digraph
obtained from D by replacing its vertices w1, . . . , wm with D1, . . . ,Dm and then replacing the binary relation→ between
vertices wi and wj in D with the binary relation⇒ between the digraphs Di and Dj. The proof of the following lemma is
obvious. So, we omit it here.
Lemma D. For |D| > 1, the composition D(D1, . . . ,Dm) is strong iff D is strong. In this case, the set of non-critical vertices in
D(D1, . . . ,Dm) consists of the vertex-sets of those Dr for which either |Dr | ≥ 2 or |Dr | = 1 and the corresponding vertex wr of
D is contained in Dncr .
3. Some classes of tournaments
By definition, a digraph T is a tournament if for the pair of any distinct vertices v and w in T , there exists exactly one of
the two possible arcs (v,w) and (w, v) in T . In other words, T is an orientation of the complete graph. Note that the number
of arcs in any tournament T of order n is equal to n(n−1)2 . Obviously, this number also equals the sum of out-degrees (in-
degrees) of the vertices in T . Hence, δ+ ≤ n−12 and δ− ≤ n−12 with equality holding iff the out-degree (in-degree) of each
vertex is n−12 . In this case, T is a regular tournament. In particular, the cyclic triple ∆ is the simplest example of a regular
tournament (its semi-degrees are equal to 1).
For any given δ, denote by ∆+δ (T ) the set of vertices in T whose out-degrees are equal to δ, and by ∆
+
≥δ(T ) the set of
vertices in T whose out-degrees are greater than or equal to δ. In the sequel, we shall also consider tournaments T with
minimum out-degree δ+ whose order is 2δ+ + 2. Obviously, in this case,
|∆+
δ+(T )|δ+ + (2δ+ + 2− |∆+δ+(T )|)(δ+ + 1) ≤
(2δ+ + 2)(2δ+ + 1)
2
= (δ+ + 1)(2δ+ + 1)
and hence, T contains at least δ+ + 1 vertices of out-degree δ+.
If T has exactly δ+ + 1 such vertices, then the other half of its vertices have out-degree δ+ + 1. In this case, T is a near-
regular tournament. A similar definition can be also given with respect to the in-degree δ−: a tournament T of order n is
near-regular if δ− = n2 − 1 and |∆−δ−(T )| = |∆−δ−+1(T )| = δ− + 1.
By definition, the irregularity irr(T ) of a tournament T is the maximum of |δ+(v)− δ−(v)| taken over all vertices v of T . A
tournament T is s-strong if for any set A ⊂ V (T )with |A| ≤ s−1, the subtournament T−A is strong. In turn, the connectivity
of T is the maximum of s for which T is s-strong. The following proposition relates the irregularity of T and its connectivity.
Lemma 1 ([14]). Let T be a tournament with n vertices and irr(T ) = i. Then the connectivity of T is at least n−2i3 . Moreover,
the connectivity of T is precisely equal to n−2i3 iff n ≡ 2i mod 3 and T = ∆(T1, T2, T3), where each of T1 and T2 is a regular
tournament of order n+i3 and T3 is a tournament of order
n−2i
3 with irr(T3) ≤ i.
Since irr(T ) = 0 for a regular tournament T of order n, its connectivity is at least d n3e. Moreover, the connectivity of a
near-regular tournament of order n is at least d n−23 e. (This also follows from the fact that any near-regular tournament of
order n is a one-vertex-deleted subtournament in some regular tournament of order n+ 1.) In particular, any near-regular
tournament of order n ≥ 6 is 2-strong.
2 One can also easily check that either any two maximal proper strong subdigraphs in D have a common vertex (Case A) or each vertex of D belongs to
exactly one such subdigraph (Case B). It is shown in [12] that Case B takes place if and only if D admits a hamiltonian circuit and there exist at least two
pairs of vertices at distance one less than the order of D. In this case, there is a one-to-one correspondence between such pairs and maximal proper strong
subdigraphs in D.
3 This condition is generic. In particular, it holds if D is a connected (undirected) graph.
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According to [4], regular and near-regular tournaments have the maximum number of the cyclic triples among all
tournaments of odd and even orders, respectively. By definition, a transitive tournament has no cycles at all. For any n ≥ 1,
there exists exactly one such tournament of order n. It is well known that it has the unique hamiltonian pathw0, . . . , wn−1.
Obviously, wi → wj for each j > i. Hence, the location of vertices in the only hamiltonian path uniquely determines the
corresponding labeled transitive tournament. We denote it by TTn(w0, . . . , wn−1).
In the sequel, we also consider the almost transitive tournament ATTn(w0, . . . , wn−1) of order n ≥ 3. By definition, it is
obtained from the transitive tournament TTn(w0, . . . , wn−1) of order n by reversing each arc not in the unique hamiltonian
path w0, . . . , wn−1. In other words, wj → wi for j > i + 1. In particular, ATT3 is the cyclic triple ∆ and ATT4 is the
unique strong tournament of order 4. By Lemma D, the tournament ∆(v1, v2, TT2) of order 4 is also strong and, hence,
ATT4 ∼= ∆(v1, v2, TT2).
A tournament T ∗ is simple if T ∗ = T (T1, . . . , Tm) implies that T is either trivial or isomorphic to T ∗. By the Thomassen
theorem (see [15]), for n ≥ 4, ATTn(w0, . . . , wn−1) is the unique strong tournament of order n that contains exactly two
non-critical vertices (w0 andwn−1). On the basis of this theorem, we shall show below that ATTn is simple for each n ≥ 5.
Lemma 2. The tournament ATTn is simple for n ≥ 5.
Proof. Suppose n ≥ 5 and ATTn = T (T1, . . . , Tm) for some tournaments T (with vertices w1, . . . , wm), T1, . . . , Tm with
1 < m < n. Since ATTn contains exactly two non-critical vertices, Lemma D implies that there exists exactly one Tr with
|Tr | ≥ 2. In fact, |Tr | = 2. This means that m = n− 1 ≥ 4 and hence, the strong tournament T of order m contains at least
two non-critical vertices ws and wt . By Lemma D, the set of non-critical vertices of the composition T (T1, . . . , Tm) includes
V (Tr) ∪ V (Ts) ∪ V (Tt). Recall that |Tr | = 2 and hence, the composition has at least three non-critical vertices (note that wr
can coincide withws orwt ). This contradiction shows that ATTn is simple for n ≥ 5. 
4. Main results
Let δ = min{δ+, δ−}. It was shown in Theorem 1 [6] that any strong tournament of order n ≥ 4 contains at least
min{n, 4δ − 2} non-critical vertices. Lemmas B and C allow us to obtain a sharper lower bound on the number of non-
critical vertices in a strong tournament T . Moreover, we show that replacing the regular locally transitive tournaments 4 T1
and T2 in the example of the proof of Proposition 1 [6] by arbitrary regular tournaments of order 2δ − 1 yields all strong
tournaments of order n ≥ 4δ − 1 with δ ≥ 2 that contain exactly 4δ − 2 non-critical vertices.
Theorem 1. Let T be a strong tournament of order n ≥ 4 with minimum out-degree δ+ and minimum in-degree δ−. Then T
contains at least
min{n, 2δ+ + 2δ− − 2}
non-critical vertices. Moreover, T is not 2-strong and has exactly 2δ++ 2δ−− 2 non-critical vertices iff either δ+ = δ− = 1 and
T = ATTn or T = ∆(T2, v1, T1), where v1 is a single vertex, T1 and T2 are regular tournaments of orders 2δ− − 1 and 2δ+ − 1,
respectively, withmax{δ+, δ−} ≥ 2 and δ−+12 ≤ δ+ ≤ 2δ− − 1.
Proof. If δ+ = δ− = 1, then the statement of the theorem follows from the results obtained earlier by Korvin, Moon and
Thomassen. For the opposite case, Lemma B guarantees that any maximal proper strong subdigraph in T is one-vertex-
deleted. Assume that T is not 2-strong. Then Lemma C implies that the subtournament Tncr induced by the non-critical
vertices in T is not strong. Let T1, . . . , Tk be the strong components of Tncr . Without loss of generality one can assume that
T1 ⇒ · · · ⇒ Tk. In this case, Tncr = TTk(T1, . . . , Tk), where k ≥ 2.
Let γk1 = v0, . . . , v` be a shortest path from Tk to T1 in T . Then {v2, . . . , v`} ⇒ Tk and T1 ⇒ {v0, . . . , v`−2}. Obviously,
the subtournament induced by the vertex-set V (Tncr) ∪ {v1, . . . , v`−1} is strong and hence, by Lemma C, coincides with T .
This means that N+(Tk) = {v1} and N−(T1) = {v`−1}. By the condition, the out-degree in T of each vertex in Tk is at least
δ+ and the in-degree in T of each vertex in T1 is at least δ−. Hence, the minimum out-degree of Tk is greater than or equal
to δ+ − 1, and the minimum in-degree of T1 is not less than δ− − 1. In particular, |Tk| ≥ 2δ+ − 1 and |T1| ≥ 2δ− − 1. Thus,
|Tncr | ≥ 2δ+ + 2δ− − 2.
Consider the case |T1| = 2δ−−1 in detail. Since theminimum in-degree of T1 is at least δ−−1, T1 is a regular tournament
with semi-degree δ− − 1. Recall that N−(T1) = {v`−1} and the in-degree in T of each vertex in T1 is greater than or equal to
δ−. Hence, v`−1 ⇒ T1. Note that the vertices v1 and v`−1must be critical. This means that the conditions |Tcr | ≥ 2 and ` ≥ 3
are equivalent. If ` ≥ 3, then the fact that γk1 is a shortest path from Tk to T1 implies v`−1 ⇒ Tk and v`−1 ⇒ {v0, . . . , v`−3}.
As we have seen above, V (T1) ∪ · · · ∪ V (Tk) ∪ V (γk1) = V (T ). Thus,
N−(v`−1) ⊆ {v`−2} ∪ V (T2) ∪ · · · ∪ V (Tk−1). (1)
4 By definition, a tournament is locally transitive if the out-set and in-set of each of its vertices induce transitive tournaments. It is not difficult to check
that there exists exactly one (up to isomorphism) regular locally transitive tournament RLTn of (odd) order n. It is well known that RLTn is the rotational
tournament on the ring Zn = {0, . . . , n− 1} of residues modulo n for which a pair (i, j) is an arc iff j− i ∈ {1, . . . , n−12 }.
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Similarly, if |Tk| = 2δ+ − 1, then Tk is a regular tournament with semi-degree δ+ − 1, Tk ⇒ v1, and even
N+(v1) ⊆ {v2} ∪ V (T2) ∪ · · · ∪ V (Tk−1) (2)
in the case ` ≥ 3.
Assume now that |Tncr | = 2δ+ + 2δ− − 2. Then k = 2, |T2| = 2δ+ − 1 and |T1| = 2δ− − 1. In other words, T1 and T2
are regular tournaments with semi-degrees δ− − 1 and δ+ − 1, respectively. Suppose ` ≥ 3. Then (1) and (2) imply that
N+(v1) = {v2} and N−(v`−1) = {v`−2}, a contradiction with the condition max{δ+, δ−} ≥ 2. Hence, ` = 2 and, therefore,
T2 ⇒ v1 ⇒ T1. This relation taken together with T1 ⇒ T2 leads us to the composition T = ∆(T2, v1, T1). In this case, the
out-degree of the vertex v1 is 2δ− − 1 and its in-degree is 2δ+ − 1. Thus, δ+ ≤ 2δ− − 1 and δ− ≤ 2δ+ − 1. These two
inequalities can be written as δ
−+1
2 ≤ δ+ ≤ 2δ− − 1. This inequality taken together with the condition max{δ+, δ−} ≥ 2
implies that in fact, min{δ+, δ−} ≥ 2. In turn, this means that |T1|, |T2| ≥ 3 and hence, by Lemma D, each vertex in either of
T1 and T2 is non-critical in∆(T2, v1, T1), indeed. 
The following consequence of Theorem 1 sharpens Theorem 2 in [6].
Corollary 1. Let T be a strong tournament of order n with minimum out-degree δ+ and minimum in-degree δ−. Assume that
max{δ+, δ−} ≥ 2 and n ≥ 2δ+ + 2δ−. Then T contains at least 2δ+ + 2δ− − 1 non-critical vertices.
The following theorem describes all strong tournaments of order n ≥ 2δ++2δ− with δ = min{δ+, δ−} ≥ 2 that contain
exactly 2δ+ + 2δ− − 1 non-critical vertices. In particular, it shows that the example in the proof of Proposition 4 [6] is in
fact the unique strong tournament T with δ ≥ 2 for which |Tncr | = 4δ − 1 and |Tcr | ≥ 2 (see item (5) below). Moreover,
it implies that replacing the regular locally transitive tournaments T1 and T2 in the proof of Proposition 2 [6] by arbitrary
regular tournaments on 2δ − 1 vertices and allowing the edge (w1, w2) therein to take an arbitrary orientation yields all
strong tournaments T of order n ≥ 4δ with δ ≥ 3 whose subtournament Tncr has order 4δ − 1 and contains exactly three
strong components (see items (3) and (4) below).
Theorem 2. Let T be a strong tournament of order n with minimum out-degree δ+ and minimum in-degree δ−. Assume that
n ≥ 2δ++2δ− andmin{δ+, δ−} ≥ 2. Let T contain exactly 2δ++2δ−−1 non-critical vertices. Then one of the following holds:
(1) 2δ+ ≥ δ− and T is obtained by reversing κ arcs from∆+≥δ+(T2) tov1 in∆(T2, v1, T1), where δ+−2δ−+1 ≤ κ ≤ 2δ+−δ−, T1
is a regular tournament of order 2δ− − 1, and T2 is a strong tournament of order 2δ+ with minimum out-degree δ+ − 1
containing at least max{1, δ+ − 2δ− + 1} vertices of out-degree at least δ+;
(2) 2δ− ≥ δ+ and T is obtained by reversing κ arcs fromv1 to∆−≥δ−(T1) in∆(T2, v1, T1), where δ−−2δ++1 ≤ κ ≤ 2δ−−δ+, T1
is a strong tournament of order 2δ− with minimum in-degree δ− − 1 containing at least max{1, δ− − 2δ+ + 1} vertices of
in-degree at least δ−, and T2 is a regular tournament of order 2δ+ − 1;
(3) δ
−+1
2 ≤ δ+ ≤ 2δ− and T = ∆(T3, v1, TT2(T1, T2)), where T1, T2, and T3 are regular tournaments of orders 2δ− − 1, 1, and
2δ+ − 1, respectively;
(4) δ
−
2 ≤ δ+ ≤ 2δ− − 1 and T = ∆(v1, T1, TT2(T2, T3)), where T1, T2, and T3 are regular tournaments of orders 2δ− − 1, 1,
and 2δ+ − 1, respectively;
(5) δ+ = δ− = 2 and T is obtained from ∆(v1, v2, TT3(w1, w2, w3)) by replacing w1 and w3 with ∆ and then reversing the
arcs (w2, v1) and (v2, w2).5
Proof. Let T1 ⇒ · · · ⇒ Tk be the strong components of Tncr and γk1 = v0, . . . , v` be a shortest path from Tk to T1. By the
condition, |Tncr | = 2δ++2δ−−1. Since |T1| ≥ 2δ−−1 and |Tk| ≥ 2δ+−1 (see the proof of Theorem 1), we have 2 ≤ k ≤ 3.
Moreover, either |T1| = 2δ− − 1 or |Tk| = 2δ+ − 1.
Suppose first that |Tcr | ≥ 2 and hence, ` ≥ 3. If |Tk| = 2δ+ − 1 and k = 2, then (2) implies that the out-degree of
v1 is equal to 1. In turn, if |T1| = 2δ− − 1 and k = 2, then (1) means that the in-degree of v`−1 is equal to 1. But this is
impossible because by the condition, min{δ+, δ−} ≥ 2. Hence, k = 3. In this case, |T1| = 2δ− − 1, |T3| = 2δ+ − 1, and
T2 consists of the unique vertex w2. Inclusions (1) and (2) imply N+(v1) ⊆ {v2, w2} and N−(v`−1) ⊆ {v`−2, w2}. Since
min{δ+, δ−} ≥ 2, we have in fact N+(v1) = {v2, w2} and N−(v`−1) = {v`−2, w2}, wherew2 is distinct from v2 and v`−2. In
particular, δ+ = δ− = 2. Hence, T1 = T3 = ∆ and Tncr = TT3(∆, w2,∆). Moreover, v0, v1, w2, v`−1, v` is a path from T3 to
T1 in T . Lemmas B and C imply that Tcr consists of exactly two vertices v1 and v`−1. Since v2 6= w2, the vertex v2 is critical.
Hence, V (Tcr) = {v1, v2} and ` = 3. This implies that v1 → w2 → v2. Thus, T is obtained from∆(v1, v2, TT3(∆, w2,∆)) by
reversing the arcs (w2, v1) and (v2, w2) and hence, case (5) holds.
Assume now that |Tcr | = 1 and hence, V (Tcr) = {v1}. If k = 2, either |T1| = 2δ− − 1 and |T2| = 2δ+ or |T1| = 2δ− and
|T2| = 2δ+−1.We consider only the first case. Then T1 is a regular tournament of semi-degree δ−−1 and theminimumout-
degree of T2 is δ+ − 1. Let A = {w ∈ T2 : v1 → w} and B = {w ∈ T2 : w→ v1}. Since the out-degree in T of each vertex in
5 In other words, T is obtained from the subtournament of order 5 in the quadratic residue tournament QR7 of order 7 by replacing the only vertex of
out-degree 1 and the only vertex of in-degree 1 with∆.
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∆+
δ+−1(T2) is not less than δ
+ and the in-degree in T of each vertex in T1 is not less than δ−, we have∆+δ+−1(T2)⇒ v1 ⇒ T1.
This means that |B| ≥ δ−. Recall that B ⊆ V (T2) and |T2| = 2δ+. Hence, 2δ+ ≥ δ−. Moreover, ∆+δ+−1(T2) ⇒ v1 ⇒ T1
implies that A ⊆ ∆+≥δ+(T2) and 2δ− − 1+ |A| ≥ δ+. This means that |∆+≥δ+(T2)| ≥ max{1, δ+ − 2δ− + 1}. The case k = 2
and |Tcr | = 1, which corresponds to items (1)–(2) in the statement of the theorem, is complete.
Finally, assume that k = 3. Then T − v1 = Tncr = TT3(T1, T2, T3) = TT2(TT2(T1, T2), T3) = TT2(T1, TT2(T2, T3)). Since T1
and T3 are regular tournaments of semi-degrees δ− − 1 and δ+ − 1, respectively, we have T3 ⇒ v1 ⇒ T1. If v1 → T2, then
T = ∆(T3, v1, TT2(T1, T2)). In this case, δ+(v1) = 2δ−, δ−(v1) = 2δ+−1, and hence, δ−+12 ≤ δ+ ≤ 2δ−. In turn, if T2 → v1,
then T = ∆(v1, T1, TT2(T2, T3)). In this case, δ+(v1) = 2δ− − 1, δ−(v1) = 2δ+, and hence, δ−2 ≤ δ+ ≤ 2δ− − 1.
To complete the proof of the theorem, we need check that the tournaments presented in items (1)–(5) of its statement
contain exactly 2δ+ + 2δ− − 1 non-critical vertices. It is not difficult to directly check that this holds in case (5). For items
(3) and (4), by Lemma D, we have V (Tncr) = V (T1) ∪ V (T2) ∪ V (T3). Hence, in both cases, |Tncr | = 2δ+ + 2δ− − 1.
Consider now case (1) in detail. Obviously, V (T1) is contained in V (Tncr). It remains to show that any vertex of T2 is non-
critical. To do this, it suffices to prove that for each w in T2, there exists a hamiltonian walk in T2 − w (by definition, any
such walk includes every vertex in T2−w) ending at some vertex in∆+δ+−1(T2). Indeed, since∆+δ+−1(T2)⇒ v1, this implies
the existence of a closed hamiltonian walk in T −w and hence, T −w is strong (note that a digraph is strong iff it admits a
closed hamiltonian walk).
Recall that T2 is a strong tournament of order 2δ+ with minimum out-degree δ+ − 1. In particular, if δ+ = 2, then
T2 is isomorphic to ATT4. One can check directly that for each vertex w in ATT4, there always exists a hamiltonian path in
ATT4 −w ending at one of the vertices of out-degree 1 in ATT4. Assume now that δ+ ≥ 3 and T2 is near-regular. As we have
seen in Section 3, the tournament T2 is 2-strong. Hence, for eachw ∈ V (T2), there exists a hamiltonian circuit in T2−w and
therefore, for each vertex v in T2 − w, there exists a hamiltonian path ending at v. Finally, suppose |∆+δ+−1(T2)| ≥ δ+ + 1.
Since |T2| = 2δ+, for each z in ∆+≥δ+(T2), there exist two vertices w1 and w2 in ∆+δ+−1(T2) such that z → w1 and z → w2.
Hence, if a hamiltonian path γ of T2 − w ends at z ∈ ∆+≥δ+(T2), then either γ ,w1 or γ ,w2 is a hamiltonian walk of T2 − w
ending in∆+
δ+−1(T2). Similarly, one can show that in case (2), for each vertexw in T1, the subtournament T1 −w contains a
hamiltonian walk starting at some vertex in∆−
δ−−1(T1) and hence, the vertexw is non-critical in T . 
Theorem 2 allows us to sharpen Theorem 3 [6] as follows.
Corollary 2. Let T be a strong tournament of order n with minimum out-degree δ+ and minimum in-degree δ−. Assume that
max{δ+, δ−} ≥ 3,min{δ+, δ−} ≥ 2 and n ≥ 2δ++ 2δ−+ 1 or δ+ = δ− = 2 and n ≥ 10. Then T contains at least 2δ++ 2δ−
non-critical vertices.
In the proof of Proposition 3 [6], the author presents a strong tournament T of order n ≥ 4δ + 2 with |Tncr | =
4δ. The tournament is obtained by reversing all arcs from ∆+δ (NR+) to v1 and all arcs from v`−1 to ∆
−
δ (NR
−) in
ATT`+1(NR+, v1, . . . , v`−1,NR−), where NR+ and NR− are one-vertex-deleted subtournaments of the unique regular locally
transitive tournament of order 2δ+1. The following proposition shows that if min{δ+, δ−} ≥ 4, then, in fact, one can simply
describe all strong tournaments with 2δ+ + 2δ− non-critical vertices.
Theorem 3. Let T be a strong tournament of order n with minimum out-degree δ+ and minimum in-degree δ−. Assume that
n ≥ 2δ+ + 2δ− + 2 andmin{δ+, δ−} ≥ 4. Let T contain exactly 2δ+ + 2δ− non-critical vertices. Then T is a result of reversing
at least δ+ − 1 arcs from∆+≥δ+(T2) to v1 and at least δ− − 1 arcs from v`−1 to∆−≥δ−(T1) in the composition
ATT`+1(T2, v1, . . . , v`−1, T1), where ` = n− 2δ+ − 2δ− + 1,
T1 is obtained from a near-regular tournament of order 2δ− by reversing at most one arc joining two vertices of in-degree δ− and
T2 is obtained from a near-regular tournament of order 2δ+ by reversing at most one arc joining two vertices of out-degree δ+.
Proof. Let T1 ⇒ · · · ⇒ Tk be the strong components of Tncr . By the condition, |Tncr | = |T1| + · · · + |Tk| = 2δ++ 2δ−. Recall
that |T1| ≥ 2δ−−1 and |Tk| ≥ 2δ+−1. Hence, |T2|+ · · ·+ |Tk−1| ≤ 2. Suppose |T1| = 2δ−−1. Since |Tcr | ≥ 2, inclusion (1)
implies that the in-degree of v`−1 in T is not greater than 3. This contradiction with the condition min{δ+, δ−} ≥ 4 means
that |T1| ≥ 2δ−. Similarly, |Tk| ≥ 2δ+. Thus, k = 2, |T1| = 2δ−, and |T2| = 2δ+.
Let γ21 = v0, . . . , v` be a shortest path from T2 to T1. Since vj → vi for j > i+ 1, the subtournament induced in T by the
vertex-set of γ21 coincides with ATT`+1(v0, . . . , v`),6 where ` ≥ 3. Moreover, N+(v1) ⊆ {v2} ∪ ∆+≥δ+(T2) and N−(v`−1) ⊆
{v`−2} ∪∆−≥δ−(T1). Recall that |N+(v1)| ≥ δ+ and |N−(v`−1)| ≥ δ−. Hence, T is obtained from ATT`+1(T2, v1, . . . , v`−1, T1)
by reversing at least δ+ − 1 arcs from∆+≥δ+(T2) to v1 and at least δ− − 1 arcs from v`−1 to∆−≥δ−(T1).
6 This remark implies that any strong tournament with diameter d contains a subtournament that is isomorphic to ATTd+1 . In particular, ATTn is the
unique strong tournament of order nwith diameter d = n− 1.
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Obviously, this is possible if |∆−≥δ−(T1)| ≥ δ− − 1 and |∆+≥δ+(T2)| ≥ δ+ − 1. On the other hand, |∆−δ−−1(T1)| ≥ δ− and
|∆+
δ+−1(T2)| ≥ δ+ since |T1| = 2δ− and the minimum in-degree of T1 is δ−− 1, |T2| = 2δ+ and the minimum out-degree of
T2 is δ+ − 1. Thus, δ− − 1 ≤ |∆−≥δ−(T1)| ≤ δ− and δ+ − 1 ≤ |∆+≥δ+(T2)| ≤ δ+. If |∆+≥δ+(T2)| = δ+, then T2 is a near-regular
tournament of order 2δ+. For the case |∆+≥δ+(T2)| = δ+ − 1, there is only one possibility, namely, exactly δ+ − 2 vertices
from∆+≥δ+(T2) have out-degree δ
+ in T2 and the remaining vertexw has out-degree δ++ 1. Obviously, there is an arc from
w to some vertex in ∆+
δ+−1(T2). If we reverse this arc, then we obtain a near-regular tournament. The restrictions on the
in-degrees of vertices in T1 can be obtained in a similar way. Finally, the arguments presented in the end of the proof of The-
orem 2 also imply that the tournament described in the statement of Theorem 3 always has exactly |T1|+ |T2| = 2δ++2δ−
non-critical vertices. 
Theorem 3 shows that if n ≥ 2δ++ 2δ−+ 2 and min{δ+, δ−} ≥ 4, then for any two near-regular tournaments T1 and T2
of orders 2δ− and 2δ+, respectively, there exist at least four strong tournaments of order n with minimum out-degree δ+
and in-degree δ− whose subtournament Tncr is isomorphic to TT2(T1, T2). This yields an infinite class of strong tournaments
of given minimum out-degree and in-degree with the same number of non-critical vertices. For undirected graphs, the
situation is quite different. In this case, for any minimum valency δ ≥ 3, the number of non-critical vertices grows linearly
with respect to the order n (see [1,3]).
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